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RADICAL CONSTRUCTIVISM 
AND MATHEMATICS EDUCATION 

LESLIE P. STEFFE, University of Georgia 
THOMAS KIEREN, University of Alberta 

Our intention in this article is to provide an interpretation of the influence of 
constructivist thought on mathematics educators starting around 1960 and pro- 
ceeding on up to the present time. First, we indicate how the initial influence of 
constructivist thought stemmed mainly from Piaget's cognitive-development 
psychology rather than from his epistemology. In this, we point to what in ret- 

rospect appears to be inevitable distortions in the interpretations of Piaget's 
psychology due primarily to its interpretation in the framework of Cartesian 
epistemology. Second, we identify a preconstructivist revolution in research in 
mathematics education beginning in 1970 and proceeding on up to 1980. 
There were two subperiods in this decade separated by Ernst von Glasersfeld's 

presentation of radical constructivism to the Jean Piaget Society in Philadel- 
phia in 1975. Third, we mark the beginning of the constructivist revolution in 
mathematics education research by the publication of two important papers in 
the JRME (Richards & von Glasersfeld, 1980; von Glasersfeld, 1981). Fourth, 
we indicate how the constructivist revolution in mathematics education 
research served as a period of preparation for the reform movement that is cur- 
rently underway in school mathematics. 

CARTESIAN EPISTEMOLOGY 

There are several classic documents that mark the beginning of the influ- 
ence of constructivist thought on mathematics educators.' We start with the 
report of the Woods Hole Conference, The Process of Education, by J. S. 
Bruner, because of the emphasis by mathematics educators on the structure of 
the subject in 1960 and its alleged relation to Piaget's cognitive-development 
psychology. We see the separation between the structures of mathematics and 
Piaget's genetic structures in The Process of Education as an expression of 
the classical dualism in the view of mind in Cartesian epistemology-an 
endogenic (mind centered) vs. an exogenic (world centered) view (Konold & 
Johnson, 1991; Gergen, 1994). The structures of mathematics were thought 
to be attained by capacities for reason, logic, or conceptual processing. In 
this, mathematical structures were regarded as having a mind-independent 

1There are important books, journal articles, conferences, and events that we do not mention. 
Although acknowledging these contributions, we can make no attempt to be exhaustive. 
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existence, and the function of rationality was to come to know these 
fundamental structures.2 

Readiness to Learn 

A long quotation from a memorandum prepared by Bairbel Inhelder for the 
Woods Hole Conference defined the capacities for reason and logic of young 
children within the framework of Piaget's cognitive-development psychology 
(Bruner, 1960, pp. 41-46). Inhelder is cited by Bruner (1960) as follows: 

Basic notions in these fields are perfectly accessible to children of seven to ten 
years of age, provided that they are divorced from their mathematical expres- 
sions and studied through material that the child can handle himself. (p. 43) 

Based on Piaget's genetic structures, the spirit was that concrete operational 
children were ready to learn and indeed could learn fundamental structures of 
mathematics. This was the foundation for Bruner's (1960) famous concept of 
readiness to learn the fundamental structures of mathematics: "Any subject can 
be taught effectively in some intellectually honest form to any child at any 
stage of development" (p. 33).3 

Bruner's concept of readiness to learn seemed to be quite sweeping at the 
time. A reason why it may have seemed to make readiness to learn a nonis- 
sue is that genetic structures were in the main ignored by the developers of 
the modern mathematics programs. In his report on the School Mathematics 
Study Group (SMSG) at the Conference on Cognitive Studies and Curricu- 
lum Development, Kilpatrick (1964) caught the spirit of the times: 

In a sense, the mathematicians who have guided the recent curriculum reforms have 
been waiting to be shown that psychological theories of learning and intelligence 
have something relevant to say about how mathematics shall be taught in the 
schools. These reformers (and I speak now not only of SMSG) have been so suc- 
cessful in teaching relatively complex ideas to young children, and thus doing 
considerable violence to some old notions about readiness, that they have become 
highly optimistic about what mathematics can and should be taught in the early 
grades. (p. 129) 

Kilpatrick provided an ad hoc analysis of those features of SMSG that were 
most harmonious with the results of Piaget's studies (which included an 

emphasis on the structure of the subject matter by SMSG), but the prevail- 
ing attitude of some curriculum developers was that Piaget was an observer 
rather than a teacher (Goals for School Mathematics, 1963). The thinking 

2In science education, knowledge was taken to be achieved when the inner states of the indi- 
vidual represented states of the external world-when mind served as a mirror of nature-and 
scientific objectivity was reified. 

3It is from remarks such as the two citations from Inhelder and Bruner that Piaget's work, 
and later constructivism with its emphasis on experience, has been frequently tied to the notion 
of an individual (usually a child) working with physical materials. Such limitations are not 
necessary conditions for using constructivism in mathematics education. 
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was that if Piaget had observed the mathematical thought of children who 
participated in the modern mathematics programs, he would have realized 
the elasticity of the limits in their cognitive processes. 

Because we interpret Bruner's concept of readiness as maintaining the dis- 
tinction between fundamental structures of mathematics and Piaget's genetic 
structures, we believe that such thinking only seemed compatible with 
Bruner's concept. Not all of the developers of modern mathematics pro- 
grams ignored Piaget's genetic structures, even though they may have 
interpreted them in terms of Cartesian epistemology. In these cases, Bruner's 
concept of readiness to learn was not a nonissue. Rather, it was a hypothesis. 

We find it interesting that Bruner at times seemed to conflate fundamen- 
tal structures of mathematics and Piaget's genetic structures, as indicated by 
the following quotation: "Good teaching that emphasizes the structure of 
the subject is probably even more valuable for the less able students than 
for the gifted ones" (Bruner, 1960, p. 9). In this, we see Bruner entangled in 
Cartesian anxiety because he turned to the structure of the subject to secure 
a foundation for children's mathematical knowledge when capacities for 
reason and logic were only minimally present. 

[Cartesian anxiety] is an anxiety that permeates all metaphysical and epistemo- 
logical questions concerning the existence of a stable and reliable rock upon 
which we can secure our thoughts and actions. As Bernstein explains: "Either 
there is some support for our being, a fixed foundation for our knowledge, or 
we cannot escape the forces of darkness that envelope us with madness, with 
intellectual and moral chaos" (p. 18). (Konold & Johnson, 1991, p. 2) 

The fundamental structures of mathematics served as the fixed foundation 
for most of the developers of the modern mathematics programs. In those 
cases, we believe that the curriculum developers were, perhaps unintention- 
ally, entangled in Cartesian anxiety because they conflated mathematical 
structures and capacities for reason and logic. They apparently felt no 
necessity to look beyond mathematical structures to investigate what the 
mathematical knowledge of students might be like. Even Freudenthal 
(1973) showed little appreciation in his critique of Piaget's mathematics 
that the genetic structures he critiqued were formalizations of the organiza- 
tion Piaget observed in children's actions. 

The Classical Dualism and Research in Mathematics Education 

The Piagetian studies. Henry van Engen, while working at the Research and 
Development Center for Cognitive Learning at the University of Wisconsin 
during the last half of the 1960s (Van Engen, 1971), provided leadership for a 
series of studies in mathematics education that became known as "the Piaget- 
ian studies" (e.g., Steffe, 1970; Kieren, 1971; Branca & Kilpatrick, 1972; 
Johnson, 1974; Carpenter, 1975; Mpiangu & Gentile, 1975; Martin, 1976; Sil- 
ver, 1976; Adi, 1978; Taloumis, 1979; Days, Wheatley, & Kulm, 1979; 
Hiebert, Carpenter, & Moser, 1982). Some of the Piagetian studies were 
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devoted to investigating the readiness of young children to learn mathematics. 
There were two basic types of readiness studies-correlational and training. 
The hypothesis of the readiness studies was that capacities for reason or 
logic could be increased through intensive learning experiences. If the 
hypothesis was not disconfirmed, then the elasticity of the limits in cogni- 
tive processing would be demonstrated and Piaget's cognitive development 
theory would be falsified as a theory of readiness to learn mathematics. 

Further, several mathematical analyses of Piaget's genetic structures were 
undertaken. The basic intent was to logically demonstrate that basic mathe- 
matical structures would serve as well as Piagetian genetic structures as 
models of the mathematical knowledge of children. The logical analyses 
were generally followed by an attempt to use the mathematical structures to 
explain children's mathematical behavior. Finally, Inhelder's proposition 
cited above, along with the work of Dienes, led to an interest in exploring 
the role of play and manipulatives in mathematics teaching. 

An emerging shift in understanding. It was certainly a purposeful and excit- 

ing time for those involved in the Piagetian research program. However, we 
regarded Piagetian cognitive-development psychology as a hypothetical- 
deductive system, and the emphasis was on applying it in research in 
mathematics education. For this reason, the Piagetian research program tem- 
porarily went into decline. Fortunately, a shift emerged in understanding 
Piagetian theory, thanks mainly to the efforts of Myron F. Rosskopf, then 
chairman of the Department of Mathematical Education at Teachers College, 
Columbia University. After spending the academic year 1965-66 at the Wis- 
consin Research and Development Center for Cognitive Learning working 
with Henry van Engen, Rosskopf felt that closer cooperation between the 
Piagetians and mathematics educators was needed. Toward this end, he orga- 
nized the Greyston conference at Teachers College, Columbia University 
(Rosskopf, Steffe, & Taback, 1971). Rosskopf wrote: 

From very small beginnings during the early years of the 1960's, interest by 
mathematics educators in Piagetian research broadened until at several univer- 
sities students were working on doctoral dissertations that clearly were almost 
as closely related to child-development psychology as to mathematical educa- 
tion. Uneasiness over little evidence of close cooperation between 
psychologists and mathematics educators led to ... a conference on Piaget type 
research in mathematical education. (Rosskopf et al., p. vii) 

An understanding that Piagetian theory could not be simply applied to 
mathematics education was emerging. But the planning committee for the 
conference still believed that the theory was a hypothetical deductive sys- 
tem and were primarily interested in Piaget's account of the development of 
basic mathematical concepts and operations.4 This belief and interest was 

4The conference was cosponsored by the National Council of Teachers of Mathematics, and 
the planning committee for the conference was appointed by Julius H. Hlavaty, then Past Presi- 
dent of the Council. It consisted of M. F. Rosskopf, L. P. Steffe, and S. Taback. 



Leslie P. Steffe and Thomas Kieren 715 

indicated in Rosskopf's letter of invitation to Hermine Sinclair, the 
Genevan representative: 

The committee planning the conference would like you to be one of two princi- 
pal lectures.... Hopefully, you will direct your presentations to an explication 
of Piaget's cognitive development investigations with special reference 
to mathematics. 

Sinclair, in opening the conference, took the opportunity to comment on 

Piaget's genetic epistemology: "At first sight it would seem that a psycho- 
logical theory that is regarded by its author as a "by-product" of his 

epistemological research ... is ideally suited to educational applications" 
(Sinclair, 1971, p. 1). But she did not provide an explanation of construc- 
tivism, nor did she provide any indication about how constructivism might 
be useful in mathematics education. Instead, she discussed Piaget's main 
stages, different types of operatory structures, and so on, which is what she 
was asked to do. 

Nativism vs. constructivism. Because of the continuing interest in readi- 
ness to learn mathematics, Harry Beilin also was asked to present a major 
paper at the Greyston conference. The following is an excerpt from 

Rosskopf's letter of invitation: 

An open question is whether training will enable children to reach a Piaget stage 
at an earlier age than otherwise would be the case. You have carried out some of 
the most relevant to mathematics training investigations. Thus, we would like to 
suggest that you choose for your subject a critical review of training research. 

Although the planning committee had not anticipated that Beilin would 
bring the issue of innatism vs. constructivism forth in his paper, in retro- 
spect, it is not surprising that the issue arose in the context of his review. 
After reviewing studies devoted to the training of logical operations, Beilin 
(1971) stated the innatist hypothesis in the following way: 

The data demonstrating acquisition with a wide variety of training methods give 
further support to the idea that the logical operational system is under the control 
of a genetic mechanism that only permits the programmed development of defined 
cognitive structures through interaction with environmental inputs. (p. 114) 

The epistemological conflict between constructivism and innatism raised at 
the Greyston conference was extensively discussed in a debate between Piaget 
and Chomsky at the Royaumont conference five years later (Piattelli-Palmarini, 
1980). Piattelli-Palmarini (1980) indicated that an allegiance to Cartesian epis- 
temology is recurrent in the Chomskian research program, and that in 
generative linguistics, "'all structure comes from within'. Environment reveals 
this structure; it does not imprint its own patterns on the system" (p. 12). 
Because nativism stands in contrast to Piaget's constructivism, we find it ironic 
that the emphasis on the structure of mathematics in the modem mathematics 
movement of the 1960s found rationale in Piaget's cognitive-development psy- 
chology. From an epistemological point of view, the structuralism of the 
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modem mathematics programs was more compatible with Chomsky's program, 
with its basis in Cartesian epistemology, than it was with Piaget's program. 

THE PRECONSTRUCTIVIST REVOLUTION 

The Greyston conference marked the beginning of what we call the precon- 
structivist revolution in research in mathematics education. It was 
preconstructivist because most mathematics educators of the time were yet to 
appreciate the revolutionary implications of Piaget's genetic epistemology. 
Those of us who were immersed in Piagetian studies had not yet rejected 
empiricism as normal science in mathematics education despite its rejection 
by both Piaget and Chomsky. According to Mehler (1980), Piaget and Chom- 
sky shared certain opinions and positions. 

One of the most important results that emerged from the confrontation between 
Piaget and Chomsky at Royaumont was their convergent rejection of positivism 
and empiricism.... In this case, the environment could ... be described as the 
independent variable, while the behavior of a subject under study would be the 
dependent variable. (p. 350) 

Mehler's comment concerning independent and dependent variables illumi- 
nates the empiricist assumption underlying what we regarded as being 
normal science in mathematics education research throughout the 1960s and 
the first half of the 1970s. The preconstructivist revolution was marked by a 
rejection of this empiricist view and by a reformulation of our understand- 
ing of Piaget's genetic structures. We finally came to understand Piaget's 
genetic structures as models that he made to explain his observations of 
children's ways and means of operating rather than as a hypothetical- 
deductive system. What seemed to be a major insight at the time did not 
occur to us in one fell swoop. Rather, it was a result of our struggles to use 
Piagetian theory in mathematics education. That we finally came to under- 
stand that we needed to make our own models to serve our educational 
purposes rather than to use Piaget's seemed to be a major breakthrough, and 
it was quite liberating. In fact, the long-lasting effects of this observation 
can be seen in contemporary constructivist research in which the 
researchers seek to observe and describe mechanisms that children and 
indeed persons of any age use as they, individually or interactively, build 
up mathematical knowledge in a particular learning space (Pothier & Sawada, 
1983; Pirie & Kieren, 1994; Steffe & Wiegel, 1994; Thompson, 1994). 

A Turn to Behaviorism 

Another revolution in mathematics education was occurring while the 
preconstructivist revolution in research was underway. The modern mathe- 
matics movement of the 1960s ran out of steam in the early 1970s, and the 
structuralist foundation for mathematical knowledge was replaced by a 
behaviorist interpretation of rationality. The fundamental structures of 
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mathematics were replaced by long lists of behavioral objectives as the 
rational bridgehead. This turn to behaviorism in the practice of mathematics 
education did not create a major upheaval among researchers operating 
from an empiricist assumption, because the major influence of the struc- 
turalism of Cartesian epistemology was found in the practice of 
mathematics teaching and curriculum planning rather than in the practice of 
mathematics education research. So, when a backlash to the modern mathe- 
matics movement was manifest in a turn to behaviorism, this back-to-basics 
movement was felt at the level of the practice of teaching rather than at the 
level of the practice of research. 

More than any other single factor, the separation between the practice 
of teaching and the practice of research paved the way for the emergence 
of constructivism in mathematics education. Those of us who were doing 
research in mathematics education were also mathematics teachers or 
curriculum developers, so the separation was manifest as a crisis in identity. 
How could one claim to be a researcher in mathematics education and still 
maintain his or her identity as a mathematics teacher? Could there be a 
field of mathematics education where the practice of research and the prac- 
tice of teaching were not simply compatible, but inseparable parts of a 
lived experience? 

Erlwanger's Benny 

If there ever was a "crucial experiment" in mathematics education, the 
work of Stanley Erlwanger (1973) would have to qualify. In one ingenious 
stroke, Erlwanger was able to falsify the behavioristic movement in the 
practice of mathematics teaching (in Lakatos's sense of sophisticated falsi- 
ficationism). According to Lakatos (1970): 

For the naive falsificationist a 'refutation' is an experimental result which, by 
force of his decisions, is made to conflict with the theory under test. But 
according to sophisticated falsificationism one must not make such decisions 
before the alleged 'refuting instance' has become the confirming instance of a 
new, better theory. (p. 122) 

By concentrating on the beliefs of mathematical rules and answers of a 
child, Benny, who participated in the program Individualized Prescribed 
Instruction (IPI) produced by the Pittsburgh Research and Development 
Center, Erlwanger was able to demonstrate how Benny's understanding of 
mathematics conflicted with any "common sense" understanding of what 
would be regarded as "good mathematics." This was a crucial aspect of Erl- 
wanger's work, because by demonstrating what a "common sense" view of 
mathematics should not be, Erlwanger was able to falsify (naively) the 
behavioristic movement in mathematics education at that very place where 
behaviorism has its greatest appeal-at the level of common sense. 

But Erlwanger was able to accomplish more. His study, conducted under the 
direction of Jack Easley at the University of Illinois-one of the forerunners 
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of the constructivist movement in science education in the U.S.-focused 
on the mathematical thinking of an individual child. Erlwanger interpreted 
that thinking in a constructivist framework and was able to demonstrate an 
understanding of a science of mathematics education different from empiri- 
cism. In his work, statistics derived from results on measures did not form 
the core. Rather, Erlwanger tried to show in detail how Benny "made sense" 
of his experiences in IPI. In doing so, he considered the corpus of Benny's 
interactions within the IPI world in which Benny found himself. 

Erlwanger demonstrated the power of interpretative research as well as the 
need for alternative methodologies. Although he did not enunciate its con- 
structs nor its associated problems or methodologies, in retrospect, Erl- 
wanger's work was a confirming instance of an emerging "new, better theory." 
This work, in fact, was also one of the first to focus on both the structural 
dynamics of an individual, as interpreted from the actions and words of 
Benny, and on the interactional dynamics between Benny and the ways in 
which the IPI environment occasioned his actions. In this, the IPI environment 
was changed by Benny through his actions and through his interactions with 
others in this environment. Studies of both types of dynamics became the hall- 
mark of later constructivist research in mathematics education. 

A Shift in Normal Science 

At the same time that Erlwanger was working with Jack Easley at the 
University of Illinois, the late Charles Smock of the Department of Psychol- 
ogy at the University of Georgia was working to formulate a constructivist 
research and development program in mathematics education, including the 
development of a methodology for research that was an adaptation of 
Piaget's clinical interview. It was difficult, however, to overthrow the 
tyranny of the empiricist view of normal science in mathematics education 
and to emerge from the stranglehold that empiricism had on the practice 
of research.5 Perhaps this struggle is best illustrated by the fact that it 
wasn't until 1983 that an article was published in the JRME with "construc- 
tivist" in the title (Cobb, & Steffe, 1983). There, it was argued that the 
constructivist researcher needed to be a teacher as well as a model builder, 
which pushed research methodology beyond the clinical interview. The 
nature and the philosophical intent of the teacher-researcher was summed 
up as follows: 

"5The preconstructivist revolution was buttressed by the work of Izaak Wirszup of the Univer- 
sity of Chicago, who led the Survey of Recent East European Mathematical Literature. 
Through Wirszup's leadership, mathematics educators became familiar with the work of L. S. 
Vygotsky and with what Menchinskaya (1969) called the "genetic method of research" (p. 6) 
along with the new methods of research that it implied-the "teaching experiment." Our claim 
is not that Vygotsky's work caused the preconstructivist revolution. Rather, it served an influ- 
encing and supporting role. 
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It is not the adult's interventions per se that influence children's constructions, 
but the children's experience of these interventions as interpreted in terms of 
their own conceptual structures.... the adult cannot cause the child to have 
experience qua experience. (p. 88) 

In a teaching experiment, it is the mathematical actions and abstractions 
of children that are the source of understanding for the teacher-researcher. 
The teacher, to use the ideas of Varela, Thompson, and Rosch (1991), helps 
provide occasions for children's mathematical activity, but it is the chil- 
dren's way of making sense that determines their own knowledge. 

The struggle to reformulate "normal science" in mathematics education 
research during the 1970s found expression in the JRME in the latter part of 
the decade. Coburn (1978) published a set of criteria for judging research 
proposals and reports that had been written by the Research Advisory Com- 
mittee of the National Council of Teachers of Mathematics. These criteria 
generated controversy concerning the nature of research in mathematics 
education (Fennema, 1978; Wheeler, 1978; Lester & Kerr, 1979; Webb, 
1979)-between "laboratory" and "naturalistic" studies. The controversy, 
however, did not center on the perspectives of the researchers doing or 
evaluating research until Thompson's (1982) landmark piece was published: 

Webb's remark suggests the mistake of the RAC (Research Advisory Commit- 
tee) was in not taking a broader view of research in mathematics education, 
meaning a view that would encompass both laboratory and naturalistic studies 
... as valid instances of scientific research. I will argue instead that what is 
called for is not a broader view, but an acknowledgement of a multiplicity of 
views ..., quite possibly each being irreconcilable with the others. (Thompson, 
1982, p. 149) 

It is probably fair to say that the JRME, over the last 12 years, has provided 
for this multiplicity of views. In doing so, it provided for ongoing discussion 
between constructivist views and other views on mathematics education theory 
and research. It is interesting to note that constructivism was often implicit in 
the discussions (Hiebert et al., 1983; Steffe & Cobb, 1983; and Gagne, 1983; 
Steffe & Blake, 1983). For example, the two key constructivist points- 

* using "conservation" and mathematics performance as variables does 
not provide a way of seeing how children build up mathematical 
ideas; 

* children with different developmental backgrounds may well be able 
to get the same answers on an arithmetical task, but the ways in which 
they do so might differ significantly 

-are only implicit in the Steffe and Cobb critique of the article by 
Hiebert et al. (1982). The explicit nature of Piagetian constructivism (as 
opposed to Piagetian "developmental psychology") and its potential contri- 
bution to research and theory in mathematics education did not stand out in 
the critique. 
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Constructivism Made Explicit 

A fertile ground had been prepared for an emergence of Piaget's construc- 
tivism in research in mathematics education, but it took the work of Ernst von 
Glasersfeld (1984; 1987) to bring it forth through his work in the project 
Interdisciplinary Research on Number at the University of Georgia. Histori- 
cally, it may seem that von Glasersfeld" was present from 1960 forward, 
waiting for the right moment to etch his brand of constructivism into the col- 
lective consciousness of mathematics educators. However, this was not the 
case at all. We leave it to his forthcoming book on radical constructivism 
(von Glasersfeld, in press) for an elaboration of just how it happened that he 
became a member of the Department of Psychology at the University of 
Georgia in 1969 after having arrived in the United States from Italy 
in 1966 to continue work on a machine translation project sponsored by the 
U.S. Air Force. It was only through what von Glasersfeld calls "unexpected 
breaks with the past" that he became introduced to the work of Jean Piaget by 
Charles Smock. With this introduction, the way was opened for a 
new revolution in mathematics education of a magnitude no less than the 
modern mathematics movement of the 1960s. In contrast to the modern 
mathematics movement, the revolution first occurred in research in mathe- 
matics education, and only then did it began to influence the practice of 
mathematics teaching. 

Von Glasersfeld presented his "radical" interpretation of Piaget's genetic 
epistemology to the Jean Piaget Society in Philadelphia in 1975. This pre- 
sentation, along with the establishment of the Georgia Center for the Study 
of the Learning and Teaching of Mathematics in the same year, marked a 

separation in the 10-year period of the preconstructivist revolution in 
research. The basic idea of The Georgia Center was to establish a community 
of researchers in mathematics education working on problems of interest to 
the community, where the experience of the researcher, conceptual analysis, 
and social interaction replaced the controlled experiment as "normal science." 
No longer did it seem necessary to use the controlled experiment with its 

emphasis on statistical tests of null hypotheses and empirical generalization 
to claim that one was working scientifically. 

THE CONSTRUCTIVIST REVOLUTION 

The members of the Editorial Board of the JRME were aware of von 
Glasersfeld's work and brought it to the readership of the JRME in two quite 
important publications (Richards & von Glasersfeld, 1980; von Glasersfeld, 
1981). In the first, von Glasersfeld and Richards were able to successfully 
differentiate the radical aspect of Piaget's genetic epistemology from what 
von Glasersfeld (1989) 9 years later called trivial constructivism-a form of 
constructivism that asserts that children gradually build up their cognitive 
structures while maintaining that the cognitive structures being built up are 
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reflections of an ontological reality. Trivial constructivism was what mathe- 
matics education began with in 1960 with Jerome Bruner's The Process of 
Education, and it took 20 years for it to be publicly challenged in a mathe- 
matics education journal. In hindsight, the editor of the JRME demonstrated a 
sense of an important historical movement in research in mathematics educa- 
tion, and the field of mathematics education owes a great deal to his foresight. 

In the second publication, von Glasersfeld opened a new way of doing 
science in mathematics education through what he calls conceptual analysis. 
What came to be known as the constructivist teaching experiment had 

already emerged from the preconstructivist revolution at the time of von 
Glasersfeld's two publications, but the conceptual analyses involved in 

building second-order models of children's mathematics were underspeci- 
fied.6 In its original form, the constructivist teaching experiment was an 

attempt to bridge the gap between research and practice and was a hybrid of 

Piaget's clinical method and mathematics teaching. In its later form, it 
included conceptual analysis as a way to build models of children's mathe- 
matical knowledge and its construction. 

The Construction of Reality 

Two key ideas emerged from the Richards and von Glasersfeld (1980) 
and the von Glasersfeld (1981) papers. The first is the notion that individu- 
als construct their own reality through actions and reflections on actions. 

Although individuals adapt to remain "viable" in action in their world of 

experience, the individuals' concepts of reality are not some mirror. 

There is no ultimate progress and there is no "congruity" of knowledge and 
reality. There is adaptation but adaptation means that there are viable organisms 
and viable theories. (p. 35) 

In this radical version of constructivism, 

Reality in some absolute sense [lies] beyond the sphere of experiential justifica- 
tion. (Richards & von Glasersfeld, 1980, p. 35) 

Thus, as Richards and von Glasersfeld (1980) claimed for the work of 

Piaget, in constructivism one is not studying reality, but the construction of 

reality. In mathematics education, this means that one is studying the con- 
struction of mathematical reality by individuals within the space of their 
experience. In this construction, although there may be well-defined tasks 
or spaces for experience, there are no pregiven prescribed ends toward 
which this construction strives. There is no optimal selection of the individ- 
ual's actions or ideas by the environment, nor is some perfect internal 

6First-order models are those models the observed subject constructs to order, comprehend, 
and control his or her experience. Second-order models are those models the observer con- 
structs of the subject's knowledge in order to explain their observations or experience of the 
subject's states and activities (Steffe, von Glasersfeld, Richards, & Cobb, 1983, p. xvi). 
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representation or match against an external environment the test of the con- 
structed "reality." The constraints experienced by the constructing person 
are proscriptive and not prescriptive in nature, and the "reality" constructed 
is "good enough" for allowing effective action by the person, which need 
not be physical action, in the space of experience. 

Modeling the Constructive Process 

As constructivist mathematics education researchers, we became oriented 
toward studying the construction of mathematical concepts and the opera- 
tions by which children attend to and organize their experiences. In this, we 
were guided by Piaget's genetic epistemology rather than by his cognitive- 
development psychology. Piattelli-Palmarini (1980) regarded the Piagetian 
program to be based on the following comment made by Piaget: 

Cognitive processes seem, then, to be at one and the same time the outcome of 
organic autoregulation, reflecting its essential mechanisms, and the most highly 
differentiated organs of this regulation at the core of interactions with the envi- 
ronment (p. 26). (p. 4) 

Understanding cognitive processes as an outcome of autoregulation 
and interaction served as a basis of our neo-Piagetian research program in 
mathematics education, but we were not committed to the proposition that 
Piaget's genetic structures were the necessary outcome of the functioning of 
mind (Kieren, 1976; Steffe, von Glasersfeld, Richards, & Cobb, 1983). We 
were committed to building models of the constructive process and under- 
stood that process as being an outcome of individual-environment interaction. 

Modeling became the primary means by which we made a distinction 
between our activities as teachers and our activities as researchers in construc- 
tivist teaching experiments. A model consists of coordinated schemes of 
actions and operations that the researcher constructs out of his or her experi- 
ence of children's actions. Such models had both general and specific qualities: 

On one hand, the model should be general enough to account for other chil- 
dren's mathematical progress. On the other hand, it should be specific enough 
to account for a particular child's progress in a particular instructional setting. 
(Cobb & Steffe, 1983, p. 91) 

This was to be accomplished through a dialectical interaction between the 
theorizing and the observing of researchers in teaching experiments. Such 
models not only provided an explanation of recurrent patterns in children's 
mathematical behavior; because the researcher was also a teacher, the mod- 
els also provided an explanation of progress children were observed to 
make under the influence of constructivist teaching. 

The possibility for a "children's mathematics" emerged from the teaching 
experiment in the broader community of constructivist researchers. Chil- 
dren's mathematics consists of changing and growing sets of coordinated 
schemes of action and operation related to central mathematical topics (e.g., 
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whole numbers; addition and subtraction) or to topics of a larger scale such 
as additive and multiplicative structures (Vergnaud, 1982). Such "second- 
order" mathematics is the creation of the researcher based on intensive 
analysis of children's mathematical behavior and can be constructed only 
through social interaction. So, in constructivist mathematics education, 
the activities of the teacher-researcher and those of the children are co- 
implicative (cf. Confrey, 1990; Steier, 1995). It is perhaps this 
phenomenological consideration of children's mathematics arising in inter- 
action with a teacher in very particular spaces of mathematical possibilities 
that has led to whatever influence constructivist research has had on 
reformers in mathematics curriculum and teaching. Observing and listening 
to the mathematical activities of students is a powerful source and guide for 
teaching, for curriculum, and for ways in which growth in student under- 
standing could be evaluated. 

Discussion and Debate 

A view of mathematical knowledge and mathematics education research 
that differed radically from the traditional conceptualizations could be 
expected to generate discussion and debate. In a frequently charged discus- 
sion at the 1987 conference on the Psychology of Mathematics Education 
(PME) in Montreal, the "radical" assumption of constructivism was ques- 
tioned in mathematics education (Kilpatrick, 1987): 

We need an epistemology that takes ontology into account. 'We must keep 
metaphysics and epistemology tied together so that (a) our explanation of 
Knowledge does not leave us committed to there being things we cannot 
account for in our theory of Being, and (b) our theory of Knowledge (thus 
restricted) can accommodate our claim to know what Being is' (McClellan, 
1981, p. 265). (p. 19) 

Constructivism was also criticized as a solipsistic position at the Montreal 
meeting (Vergnaud, 1987; Wheeler, 1987) even though von Glasersfeld 
(1984) and von Foerster (1984) had already made counter arguments. These 
critics of radical constructivism seemed to be caught up in the throes of 
Cartesian anxiety. From the debate, however, it was clear that constructivists 
needed to somehow, in the words of Konold and Johnson (1991), "address 
questions about the ultimate medium ... that serves as the setting for con- 
structive activity" (p. 4). This was an interesting turn, because the problem 
of the relation between research and practice reemerged in that case where 
the "ultimate medium" referred to the practice of mathematics teaching. 

Rather than resurrect the classical duality, constructivist mathematics educa- 
tors instead chose to concentrate on mathematical realities constructed through 
interaction among human beings. Following Maturana's (1978, pp. 45-46) 
analysis that asserting the existence of an object is tantamount to bringing it 
forth through "languaging" and giving it form in the domain of consensual 
coordination of action in which we exist as human beings, the study of practice 
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in a constructivist mathematics education is centering on interactive mathemati- 
cal communication and the consensual domains produced (Cobb et al., 1991). 

Empiricism vs. constructivism. The Montreal debate, perhaps more than 

any other social event, served to clarify the nonsolipsistic but radical 
assumption of constructivism in mathematics education. Prior to the Mon- 
treal debate, a heated exchange had taken place between Brophy and 
Confrey in a 1986 issue of the JRME. Confrey (1986) used constructivist 
arguments to question the effectiveness of various outcome-based practices 
toward which Brophy was directing his educational research. In his 
response to Confrey's criticisms, Brophy made the following comments 
about constructivist research: 

If it is to be of much practical use, however, such input will have to become 
much more specific, prescriptive, and empirically based.... it will have to come 
to grips with the challenge facing the typical K-12 teacher (teach 20 to 40 stu- 
dents to preset curriculum objectives while working within time and resource 
constraints), and it will have to include process-outcome data that allow for a 
scientific assessment of the hypothesized effects of recommended procedures. 
Until they begin to produce such information ..., constructivists ... who have 
not yet done so can continue to expect scholars to ask "Where are the data?" 
(Brophy, 1986b, p. 367) 

Brophy's comments are best interpreted in terms of an empiricist view of 
normal science, where the environment is the independent variable and the 
behavior of the subjects under study is the dependent variable (Mehler, 
1980). The same separation between research and practice was implicit in 
Brophy's comment that plagued mathematics educators in the two previous 
decades, an issue that was, not surprisingly, left unresolved in the debate. 

The explicit necessity to include the actions and operations of the 
researcher in the research enterprise is a key in bridging the gap between 
the practice of research and the practice of mathematics teaching. This 
necessity has been explicitly elaborated by Confrey (1995): 

When we seek to speak of cognition, education, problem solving, mathematics, 
or learning and teaching, we must take particular care to recognize the role of 
the observer in the description and analysis of the problem. In the radical con- 
structivist research program, this has meant establishing clear methodological 
guidelines concerning the importance of "close listening." (p. 196) 

The necessity to include the observer in the research enterprise drove the 
early development of the constructivist teaching experiment in which the 
constructing mathematical child was of central concern. An extensive cor- 
pus of "data" concerning constructive activity is available from such 
teaching experiments, though perhaps not the kind of "data" acceptable by 
those of an empiricist and representationist bent (e.g., Confrey, 1991; 
Kieren & Pirie, 1991; Thompson, 1994). 

Interactive mathematical communication. From the background of working in 

teaching experiments where the goal was to specify a mathematics of children, 
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Cobb and Wheatley mounted a research program at Purdue University where 
the goal was to focus on social interaction in the classroom. As reported in the 
JRME (Cobb et al., 1991), the researchers on the project took the results of 
their work as an indication that a constructivist "problem centered approach in 
which the teacher and students engage in discourse that has mathematical 
meaning as its theme is feasible in a public school classroom" (p. 25). 

But such research went beyond "empirical results." The research and 
related teaching activities showed in detail how constructivism might mani- 
fest itself through problem challenges, small-group work, and classroom 
discussions using what appeared to be "ordinary" curriculum materials with 
ordinary classes. As seen in Yackel, Cobb, & Wood (1991) and particularly 
in Cobb, Yackel, & Wood (1992), evidence and arguments were made sup- 
porting a constructivist, nonrepresentationist view of mind useful for 
researchers and teachers as they think about mathematics education. They 
claim that an "approach that views mathematics as both an individual and a 
collective activity transcends the contradictions of the representational view 
and offers an account of truth, certainty, and intersubjectivity" (p. 3). At the 
heart of their approach stands a discussion of how social interaction and 
individual construction of mathematics fit together: 

Both explicit problems and conflicts that arise in the course of social interac- 
tions and the generally unnoticed mutual appropriations of meanings that occur 
in any communicative interaction serve as occasions for individual students' 
constructive activities.... an account of a student's mathematical learning in a 
classroom should consider the development of both the taken-as-shared, com- 
munal meanings and practices and the individual student's personal meanings 
and practices. (p. 18) 

A competing paradigm. A discussion of the debates involving radical con- 
structivism in mathematics education research would not be complete 
without at least mentioning the debates that arose as a result of the influ- 
ence of information-processing psychology in mathematics education. The 
debates clarified the differences between the innatist models of number 
development provided by those working in information processing and the 
models of the construction of number of those working in radical construc- 
tivism. For example, in the proceedings of the Wingspread Conference, 
Addition and Subtraction: A Cognitive Perspective (Carpenter, Romberg, 
and Moser, 1982), Starkey and Gelman (1982) commented as follows: 

It appears that coming to know about number is much like coming to know 
about language (Gelman, 1979). The ability to learn language is rule governed; 
the ability to count verbally is rule governed.... These findings, taken as a 
whole, support the view that some number abilities are natural human abilities 
in the same sense that some language abilities are natural human abilities (Gel- 
man & Gallistel, 1978). (p. 113) 

Starkey and Gelman proceeded on, criticizing Piaget's developmental model 
of children's construction of number, apparently unaware of the neo-Piagetian 
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work in mathematics education that focused on children's construction of 
counting schemes. This point is important because Starkey and Gelman 
appeared to believe that a Piagetian view would exclude a study of chil- 
dren's construction of counting schemes: "As such, this view (in contrast to 
the Piagetian view) emphasizes the importance of counting." (p. 113). 

The innatist hypothesis also served as a basic but perhaps implicit tenet 
for other models of number development influenced by information- 
processing psychology (e.g., Riley, Greeno, & Heller, 1983; Briars & 
Larkin, 1984; De Corte & Verschaffel, 1985). Cobb (1987) provided an 
extensive analysis of the work of Briars and Larkin, and of Riley, Greeno, 
and Heller, and contrasted these two information-processing models with a 
neo-Piagetian model of the construction of counting schemes based in radi- 
cal constructivism (Steffe et al., 1983). Cobb based his analysis on three 

implicit principles. The first was that the innatist hypothesis served as a 
basis for the information-processing approach, which is to explain "how 
children build up problem representations from the information in a prob- 
lem statement.... The explanation of this process should ideally take the 
form of an executable computer program whose output matches that of 
humans" (Cobb, p. 171). Cobb commented that "Steffe et al. developed a 
model that cannot be expressed in the precise formalisms of a computer lan- 

guage" (p. 176). The second principle implicit in Cobb's comment is that 
the constructivist model was based on a particular interpretation of Piaget's 
reflective abstraction. Because reflective abstraction cannot be an operation 
of an executable computer program, Cobb pointed out that information- 

processing models do not account for the construction of mathematics by 
human beings. To be comprehensible as developmental models, they have 
to be at least implicitly based on the innatist hypothesis. 

The third point implicit in Cobb's analysis supersedes the first two. The 
model of children's construction of counting schemes was a result of a con- 

ceptual analysis of children's mathematical language and actions as they 
participated in teaching episodes. As such, it was a product of reflective 
abstraction by the model builders and consisted of a constellation of con- 
ceptual constructs that they found useful in constructing children's counting 
schemes. It was not an objective model that could be simply applied in dif- 
ferent contexts. Rather, it would be useful for a teacher or any other adult 
interested in children's mathematics only to the extent that it reemerged in 
interactive mathematical communication with children as spontaneous and 

independent contributions of the children. 
So, the conflict between innatism and constructivism that served as a basis 

for the debate between Chomsky and Piaget was essentially replayed in the 
debates in mathematics education concerning information-processing models of 
number development and models of children's construction of number. But the 

key for Cobb lay not in the artifacts of this conflict-such as whether being 
able to develop computer models of mathematical behavior was a marker of 
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successful research-nor in showing whether or not the brain had certain 
features or properties. Cobb was pointing to a critical difference in percep- 
tion of what persons engaged in mathematical activity were doing: Were 
persons building up mental representations that in some way pictured or 
matched a pregiven world? Or were these persons building up their own 
schemes for successful action determined by their own structures and histo- 
ries of interaction and action in an environment and by their abstract 
reflections on such action and interaction? That is, Cobb was pointing to the 
critical distinctions between representationist accounts of personal mathe- 
matical activity and nonrepresentationist accounts developed by 
constructivist researchers. In his conclusion, Cobb (1987) acknowledged the 
conflictive nature of the differing assumptions: 

Adherents to any one of the research programs will find the choice between the 
three models relatively unproblematic. Others who are less committed will not 
find things so straightforward.... Uncommitted readers will probably agree with 
Kuhn's (1977) observation that when criteria are "deployed together, they 
repeatedly prove to be in conflict" (p. 322). (p. 177) 

In both the information-processing models and the constructivist models, 
there was significant attention given to children's numerical operations. In 
fact, it was Kieren (1980) who dubbed these operations "constructive mech- 
anisms." Studies involving such mechanisms that go beyond early number 
construction by children appeared in the JRME as well (e.g., Hunting, 1983; 
Pothier & Sawada, 1983; Behr et al., 1984; Noss, 1987; Thompson & Drey- 
fus, 1988; Clements & Battista, 1989; Davis & Pitkethly, 1990; Olive, 
1991; Williams, 1991; Lamon, 1993). Although some of these studies 
focused mainly on physical actions by students of various ages and the 
interpretation of these actions, some considered the nature and products of 
reflective abstraction. For example, in a report on college students working 
on algebraic word problems, Clement (1984) saw distinguishing numerical 
concepts from an object background and inventing "hypothetical operation 
on the variables that creates an equivalence" as keys to successful work by 
students. The fact that studying mathematical knowledge construction in the 
work of individuals is not equivalent to studying physical actions and work 
with concrete materials is highlighted in this comment. Thus, at least in 
some instances in reports in the JRME throughout the 1980s, the vision of 
constructivism as tied to physical activities-perhaps a misinterpretation of 
earlier remarks by Bruner or Inhelder for that matter-is dispelled. 

FINAL COMMENTS 

Although we have not begun to tell the whole story, what we have written 
above is one portrayal of the development of constructivism as a living force in 
mathematics education over the last 30-some years. As we have suggested, some 
of the contributors to this story of constructivism in mathematics education did 
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so intentionally, but many, including many of its critics, did not. We tried 
to show that constructivism in mathematics education and in its reportage in 
the JRME moved from an almost hidden, still dualistic phenomenon in the 
1960s and 1970s, to a more defined, evolving, and seemingly individually 
oriented but seriously challenged system for mathematical knowing in the 
mid 1980s, to an interactionist but nonrepresentationist view of mathemati- 
cal knowing and teaching today. 

Such research focused on building up the mathematics of children- 
second-order models of how children construct personal mathematical con- 

cepts and operations that are stripped of their physical content, not needing 
the actions that brought them forth. These researcher models arose out of 

interpreting children's actions in particular environments. But rather than 
thinking that the environment caused the children's thoughts and actions or 
that such thoughts were mirrors of the environment, the creators of construc- 
tivist models thought it clearer and better to think of the person's actions to 
be determined by that person's own conceptual structures. The creators of 
such models did not see such structures either as innate nor as simply emer- 

gent phenomena arising out of brain activity. They saw such personal 
knowledge structures as plastic and arising out of reflective abstraction on 
action and interaction in a world that such structures allow the person to bring 
about or construct. In that sense the person's knowledge structures and the 
world of action out of which they arise are co-implicative. 

The actions and operations of the children were not seen to simply arise 
from the children themselves. They were observed to be occasioned by the 
environment, including the actions and language of peers and teachers, as 
well as by the taken-to-be-shared meanings that arose in the setting of 
classroom communities. Because of this emphasis in constructivist research 
on interaction or coimplication of personal knowledge and environmental 

possibilities, the very nature of the activities and products of this research 

provide meaning for mathematics teaching and learning that teachers can 
use to build their own models for their own actions in practice. Because 
constructivist research has sought means by which persons can construct 
their own mathematical knowledge structures, one of the products of such 
research has been descriptions of a variety of constructs (e.g., various kinds 
and levels of units pertaining to natural numbers, rational numbers, and 
ratios) and constructive mechanisms (e.g., unitizing operations, partitioning 
operations, proportionality operations, unit compositions and decomposi- 
tions). Such descriptions can serve the practicing teacher in two ways. First, 
they provide guides for listening to and observing students. Second, they pro- 
vide potential sources both for the content and organization of various 
mathematical curricula. Further, because of the priority given to children's 
activities as an occasioning source for constructivist models of mathematical 
activity, the very actions of constructivist teachers in listening to, in question- 
ing, and in modeling children's structures as well as in providing spaces for 
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children's mathematical activity provide provocative examples for the practice 
of mathematics teaching. Given such potential, it is perhaps not surprising that 
influences of constructivist approaches to mathematical learning and teaching 
are apparent in both the curriculum and evaluation and the teaching standards 
of the National Council of Teachers of Mathematics (1989, 1991). 

Although by no means the only journal or venue for constructivist thought 
in the 1980s and the 1990s, the JRME proved supportive to radical construc- 
tivism in that it published theoretical and research papers by its key exponents 
as well as preconstructivist and related papers on mechanisms for mathematics 
knowing over the last 15 years. As well as reviewing numerous recent books 
related to constructivism in mathematics education, the JRME has served as a 
continuing forum for debate and criticism on both theoretical and research 
issues related to constructivism in mathematics education. 

REFERENCES 

Adi, H. (1978). Intellectual development and reversibility of thought in equation solving. Jour- 
nal for Research in Mathematics Education, 9, 204-213. 

Behr, M., Wachsmuth, I., Post, T., & Lesh, R. (1984). Order and equivalence of rational num- 
bers: A clinical teaching experiment. Journal for Research in Mathematics Education, 15, 
323-341. 

Beilin, H. (1971). The training and acquisition of logical operations. In M. F. Rosskopf, L. P. 
Steffe, & S. Taback (Eds.), Piagetian cognitive-development research and mathematical 
education (pp. 81-124) Reston, VA: National Council of Teachers of Mathematics. 

Branca, N. A., & Kilpatrick, J. (1972). The consistency of strategies in the learning of mathe- 
matical structures. Journal for Research in Mathematics Education. 3, 132-140. 

Briars, D. J., & Larkin, J. H. (1984). An integrated model of skill in solving elementary word 
problems. Cognition and Instruction, 1, 245-297. 

Brophy, J. (1986a). Teaching and learning mathematics: Where research should be going. 
Journal for Research in Mathematics Education, 17, 323-346. 

Brophy, J. (1986b). Where are the data? A reply to Confrey. Journal for Research in Mathe- 
matics Education, 17, 361-368. 

Bruner, J. S. (1960). The process of education. New York: Vintage Books. 
Carpenter, T. P. (1975). Measurement concepts of first- and second-grade students. Journal for 

Research in Mathematics Education, 6, 3-13. 
Carpenter, T. P., Romberg, T., & Moser, J. M. (Eds.), (1982). Addition and subtraction: A cog- 

nitive perspective. Hillsdale, NJ: Lawrence Erlbaum. 

Carpenter, T. P., & Moser, J. M. (1982). The development of addition and subtraction problem 
solving skills. In T. P. Carpenter, J. M. Moser, & T. A. Romberg (Eds.), Addition and sub- 
traction: A cognitive perspective (pp. 9-24). Hillsdale, NJ: Lawrence Erlbaum. 

Clement, J. (1982). Algebra word problem solutions: Thought processes underlying a common 
misconception. Journal for Research in Mathematics Education, 13, 16-30. 

Clements, D., & Battista, M. (1989). Learning of geometric concepts in a logo environment. 
Journal for Research in Mathematics Education, 20, 450-467. 

Cobb, P., & Steffe, L. P. (1983). The constructivist researcher as teacher and model builder. 
Journal for Research in Mathematics Education, 14, 83-94. 

Cobb, P. (1987). An analysis of three models of early number development. Journal for 
Research in Mathematics Education, 18, 163-179. 

Cobb, P., Wood, T., Yackel, E., Nicholls, J., Wheatley, G., Trigatti, B., & Perlwitz, M. (1991). 
Assessment of a problem-centered second-grade mathematics project. Journal for Research 
in Mathematics Education, 22, 3-29. 



730 Radical Constructivism 

Cobb, P., Yackel, E., & Wood, T. (1992). A constructivist alternative to the representational 
view of mind in mathematics education. Journal for Research in Mathematics Education, 
23, 2-33. 

Coburn, T. G. (1978). Criteria for judging research reports and proposals. Journal for 
Research in Mathematics Education, 9, 167-174. 

Confrey, J. (1986). A critique of teacher effectiveness research in mathematics education. 
Journal for Research in Mathematics Education, 17, 347-360. 

Confrey, J. (1990). What constructivism implies for teaching. In R. B. Davis, C. A. Maher, & 
N. Noddings (Eds.), Constructivist views on the teaching and learning of mathematics. Jour- 
nal for Research in Mathematics Education, Monograph No. 4 (pp. 107-124), Hillsdale, NJ: 
Lawrence Erlbaum. 

Confrey, J. (1991). The concept of exponential functions: A student's perspective. In L. P. Steffe 
(Ed.), Epistemological foundations of mathematical experience. New York: Springer-Verlag. 

Confrey, J. (1995). How compatible are radical constructivism, sociocultural approaches, and social 
constructivism? In L. P. Steffe, & J. Gale (Eds.), Constructivism in education (pp. 185-225). 
Hillsdale, NJ: Lawrence Erlbaum. 

Davis, G. E., & Pitkethly, A. (1990). Cognitive aspects of sharing. Journal for Research in 
Mathematics Education, 21, 145-153. 

Days, H. C., Wheatley, G. H., & Kulm, G. (1979). Problem structure, cognitive level, and 
problem-solving performance. Journal for Research in Mathematics Education, 10, 
135-146. 

De Corte, E., & Verschaffel, L. (1985). Beginning first graders' initial representation of arith- 
metic word problems. Journal of Mathematical Behavior, 4, 3-21. 

Erlwanger, S. H. (1973). Benny's concept of rules and answers in IPI mathematics. Journal of 
Children's Mathematical Behavior, 1, 7-26. 

Fennema, E. (1978). Letter to the editor. Journal for Research in Mathematics Education, 9, 398. 

Freudenthal, H. (1973). Mathematics as an educational task. Dordrecht, The Netherlands: D. Reidel. 

Gagn6, R. M. (1983). A reply to critiques of some issues in the psychology of mathematics 
instruction. Journal for Research in Mathematics Education, 14, 214-216. 

Gergen, K. (1994). Social construction and the educational process. In L. P. Steffe, & J. Gale 
(Eds.), Constructivism in education (pp. 17-39). Hillsdale, NJ: Lawrence Erlbaum. 

Goals for School Mathematics: The report of the Cambridge Conference on School Mathe- 
matics. (1963). Boston: Houghton Mifflin. 

Hiebert, J., Carpenter, T. P., & Moser, J. M. (1982). Cognitive development and children's 
solutions to verbal arithmetic problems. Journal for Research in Mathematics Education, 
13, 83-98. 

Hiebert, J., Carpenter, T. P., & Moser, J. M. (1983). Cognitive skills and arithmetic performance: 
A reply to Steffe and Cobb. Journal for Research in Mathematics Education, 14, 77-79. 

Hunting, Robert (1983). Alan: A case study of knowledge of units and performance with frac- 
tions. Journal for Research in Mathematics Education, 14, 182-197. 

Johnson, M. (1974). The effects of instruction on length relations on the classification, seri- 
ation, and transitivity performances of first- and second-grade children. Journal for 
Research in Mathematics Education, 5, 115-125. 

Kieren, T. (1971). Manipulative activity in mathematics learning. Journal for Research in 
Mathematics Education, 2, 228-234. 

Kieren, T. (1976). On the mathematical, cognitive, and instructional foundations of rational 
numbers. In R. A. Lesh, & D. A. Bradbard (Eds.), Number and measurement: Papers from a 
research workshop (pp. 104-144). Columbus, OH: ERIC/SMEAC. 

Kieren, T. (1980). The rational number construct-Its elements and mechanisms. In T. E. 
Kieren (Ed.), Recent research on number learning (pp. 125-149). Columbus, OH: 
ERIC/SMEAC. 

Kieren, T., & Pirie, S. E. B. (1991). Recursion and mathematical experience. In L. P. Steffe 
(Ed.), Epistemological foundations of mathematical experience (pp. 789-101). New York: 
Springer-Verlag. 



Leslie P. Steffe and Thomas Kieren 731 

Kilpatrick, J. (1964). Cognitive theory and the SMSG program. In R. E. Ripple & V. N. Rock- 
castle (Eds.), Piaget rediscovered: A report of the conference on cognitive studies and 
curriculum development (pp. 128-133). Ithaca, NY: Cornell University. 

Kilpatrick, J. (1987). What constructivism might mean in mathematics education. In J. C. 
Bergeron, N. Herscovics, & C. Kieran (Eds.), Proceedings of the Eleventh International 
Conference on the Psychology of Mathematics Education (pp. 2-27). Montreal: University 
of Quebec at Montreal. 

Konold, C., & Johnson, D. K. (1991). Philosophical and psychological aspects of constructivism. 
In L. P. Steffe (Ed.), Epistemological foundations of mathematical experience (pp. 1-13). New 
York: Springer-Verlag. 

Lakatos, I. (1970). Falsification and the methodology of scientific research programs. In I. 
Lakatos & A. Musgrave (Eds.), Criticism and the growth of knowledge. Cambridge. Cam- 
bridge University Press. 

Lamon, S. J. (1993). Ratio and proportion: Connecting content to children's thinking. Journal 
for Research in Mathematics Education, 24, 41-61. 

Lester, F., & Kerr, D. (1979). Some ideas about research methodologies in mathematics educa- 
tion. Journal for Research in Mathematics Education, 10, 275-303. 

Maturana, H. (1978). Biology of language: The epistemology of reality. In G. A. Miller, & E. 
Lenneberg (Eds.), Psychology and biology of language and thought: Essays in honor of Eric 
Lenneberg. New York: Academic Press. 

Martin, J. L. (1976). An analysis of some of Piaget's topological tasks from a mathematical 
point of view. Journal for Research in Mathematics Education, 7, 8-25. 

Mehler, J. (1980). Psychology and psycholinguistics: The impact of Chomsky and Piaget. In 
M. Piattelli-Palmarini (Ed.), Language and learning: The debate between Jean Piaget and 
Noam Chomsky (pp. 341-353). Cambridge, MA: Harvard University Press. 

Menchinskaya, N. A. (1969). The psychology of mastering concepts: Fundamental problems 
and methods of research. In J. Kilpatrick, & I. Wirszup (Eds.), Soviet studies in the psychol- 
ogy of learning and teaching mathematics (Vol. 1). Stanford, CA: School Mathematics 
Study Group. 

Mpiangu B. D., & Gentile, J. R. (1975). Is conservation of number a necessary condition for 
mathematical understanding? Journal for Research in Mathematics Education, 6, 179-192. 

National Council of Teachers of Mathematics (1989). Curriculum and evaluation standards for 
school mathematics. Reston, VA: Author. 

National Council of Teachers of Mathematics (1991). Professional standards for teaching 
mathematics. Reston, VA: Author. 

Nesher, P., & Katriel, T . (1986). Learning numbers: A linguistic perspective. Journal for 
Research in Mathematics Education, 17, 100-111. 

Noss, R. (1987). Children's learning of geometrical concepts through logo. Journal for 
Research in Mathematics Education, 18, 343-362. 

Olive, John. (1991). Logo programming and geometric understanding: An in-depth study. 
Journal for Research in Mathematics Education, 22, 90-111. 

Piattelli-Palmarini, M. (1980). How hard is the "hard core" of a scientific research program? In 
M. Piattelli-Palmarini (Ed.), Language and learning: The debate between Jean Piaget and 
Noam Chomsky (pp. 1-20). Cambridge, MA: Harvard University Press. 

Pirie, S., & Kieren, T. (1994). Growth in mathematical understanding: How can we characterize it 
and how can we represent it? In P. Cobb, (Ed.), Learning mathematics: Constructivist and 
interationist theories of mathematical development (pp. 61-86). Dordrecht, The Netherlands: 
Kluwer Academic. 

Pothier, Y., & Sawada, D. (1983). Partitioning: The emergence of rational number ideas in 
young children. Journal for Research in Mathematics Education, 14, 307-317. 

Riley, M. S., Greeno, J. G., & Heller, J. I. (1983). Development of children's problem-solving 
ability in arithmetic. In H. P. Ginsburg (Ed.), The development of mathematical thinking 
(pp. 153-196). New York: Academic Press. 

Richards, J., & von Glasersfeld, E. (1980). Jean Piaget, psychologist of epistemology: A discus- 
sion of Rotman's Jean Piaget: Psychologist of the real. Journal for Research in Mathematics 
Education, 11, 29-36. 



732 Radical Constructivism 

Rosskopf, M. F., Steffe, L. P., & Taback, S. (1971). Piagetian cognitive-development research 
and mathematical education. Reston, VA: National Council of Teachers of Mathematics. 

Silver, E. (1976). Relations among Piagetian grouping structures: A training study. Journal for 
Research in Mathematics Education, 7, 308-314. 

Sinclair, H. (1971). Piaget's theory of development: The main stages. In M. F. Rosskopf, L. P. 
Steffe, & S. Taback, S. (Eds.), Piagetian cognitive-development research and mathematical 
education (pp. 1-11). Reston, VA: National Council of Teachers of Mathematics. 

Starkey, P., & Gelman, R. (1980). The development of addition and subtraction abilities prior to 
formal schooling in arithmetic. In T. P. Carpenter, J. M. Moser, & T. A. Romberg (Eds.), Addi- 
tion and subtraction: A cognitive perspective (pp. 99-116). Hillsdale, NJ: Lawrence Erlbaum. 

Steffe, L. P. (1970). Differential performances of first-grade children when solving arithmetic 
problems. Journal for Research in Mathematics Education, 1, 144-161. 

Steffe, L. P., & Blake, R. N. (1983). Seeking meaning in mathematics instruction: A response 
to Gagn6. Journal for Research in Mathematics Education, 14, 210-213. 

Steffe, L. P., & Cobb, P. (1983). Cognitive development and children's solutions to verbal 
arithmetic problems: A critique. Journal for Research in Mathematics Education, 14, 74-76. 

Steffe, L. P., & Cobb, P. (1988). Construction of arithmetical meanings and strategies. New 
York: Springer-Verlag. 

Steffe, L. P., von Glasersfeld, E., Richards, J., & Cobb, P. (1983). Children's counting types: 
Philosophy, theory, and application. New York: Praeger Scientific. 

Steffe, L. P., & Wiegel, H. G. (1994). Cognitive play and mathematical learning in computer 
microworlds. In P. Cobb, (Ed.), Learning mathematics: Constructivist and interationist theories 
of mathematical development (pp. 7-30). Dordrecht, The Netherlands: Kluwer Academic. 

Steier, F. (1995). From universing to conversing: An ecological constructionist approach to 
learning and multiple description. In L. P. Steffe, & G. Gale (Eds.), Constructivism in edu- 
cation (pp. 67-84). Hillsdale, NJ: Lawrence Erlbaum. 

Taloumis, T. (1979). Scores on Piagetian area tasks as predictors of achievement in mathematics 
over a four-year period. Journal for Research in Mathematics Education, 10, 120-134. 

Thompson, P. and Dreyfus, T. (1988). Integers as transformations. Journal for Research in 
Mathematics Education, 19, 115-133. 

Thompson, P. (1882). Were lions to speak, we wouldn't understand. Journal for Mathematical 
Behavior, 3, 147-165. 

Thompson, P. (1994). Images of rate and operational understanding of the fundamental theorem 
of calculus. In P. Cobb, (Ed.), Learning mathematics: Constructivist and interationist theories 
of mathematical development (pp. 125-170). Dordrecht, The Netherlands: Kluwer Academic. 

Van Engen, H. (1971). Epistemology, research, and instruction. In M. F. Rosskopf, L. P. 
Steffe, & S. Taback (Eds.), Piagetian cognitive-development research and mathematical 
education (pp. 34-52). Reston, VA: National Council of Teachers of Mathematics. 

Varela, F., Thompson, E., and Rosch, E. (1991). The embodied mind. Cambridge, MA: M.I.T. Press. 

Vergnaud, G. (1982). A classification of cognitive tasks and operations of thought involved in 
addition and subtraction problems. In T. P. Carpenter, J. M. Moser, & T. A. Romberg 
(Eds.), Addition and subtraction: A cognitive perspective (pp. 39-59). Hillsdale, NJ: 
Lawrence Erlbaum. 

Vergnaud, G. (1987). About constructivism. In J. C. Bergeron, N. Herscovics, & C. Kieran 
(Eds.), Proceedings of the Eleventh Conference of the International Group for the Psychology 
of Mathematics Education (pp. 42-54). Montreal: University of Quebec at Montreal. 

von Foerster, H. (1984). On constructing a reality. In P. Watzlawick (Ed.), The invented reality 
(pp. 41-61). New York: Norton. 

von Glasersfeld, E. (1981). An attentional model for the conceptual construction of units and 
number. Journal for Research in Mathematics Education, 12, 83-94. 

von Glasersfeld, E. (1984). An introduction to radical constructivism. In P. Watzlawick (Ed.), 
The invented reality (pp. 17-40). New York: Norton. 

von Glasersfeld, E. (1987). The construction of knowledge. Seaside, CA: Intersystems Publications. 
von Glasersfeld, E. (1989). Constructivism in education. In T. Husen & N. Postlethwaite 

(Eds.), International Encyclopedia of Education Supplementary Volume, (pp. 162-163). 
Oxford: Pergamon. 



Leslie P. Steffe and Thomas Kieren 733 

von Glasersfeld, E. (in press). Radical constructivism: A way of knowing and learning. Falmer Press. 

Webb, N. (1979). Letter to the editor. Journal for Research in Mathematics Education, 10, 240. 

Wheeler, D. (1978). Letter to the editor. Journal for Research in Mathematics Education, 9, 240. 

Wheeler, D. (1987). The world of mathematics: Dream, myth, or reality. In J. C. Bergeron, N. 
Herscovics, & C. Kieran (Eds.), Proceedings of the Eleventh Conference of the Internation- 
al Group for the Psychology of Mathematics Education (pp. 55-66). Montreal: University of 
Quebec at Montreal. 

Williams, S. R. (1991). Models of limit held by college calculus students. Journal for 
Research in Mathematics Education, 22, 219-236. 

Yackel, E., Cobb, P., & Wood, T. (1991). Small-group interactions as a source of learning 
opportunities in second-grade mathematics. Journal for Research in Mathematics 
Education, 22, 390-408. 

AUTHORS 
LESLIE P. STEFFE, Professor of Mathematics Education, College of Education, University of 

Georgia, 105 Aderhold Hall, Athens, GA 30602-7124 
THOMAS KIEREN, Professor, Department of Secondary Education, University of Alberta, 

Edmonton, Alberta, Canada T6H 4B4 


	Article Contents
	p. [711]
	p. 712
	p. 713
	p. 714
	p. 715
	p. 716
	p. 717
	p. 718
	p. 719
	p. 720
	p. 721
	p. 722
	p. 723
	p. 724
	p. 725
	p. 726
	p. 727
	p. 728
	p. 729
	p. 730
	p. 731
	p. 732
	p. 733

	Issue Table of Contents
	Journal for Research in Mathematics Education, Vol. 25, No. 6, 25th Anniversary Special Issue (Dec., 1994), pp. 557-756
	Front Matter [pp.  557 - 558]
	Introduction [p.  559]
	Part I: Origins of the JRME
	The Origins of the JRME: A Retrospective Account [pp.  560 - 582]

	Part II: Retrospective of Mathematics Education Research
	Doing and Seeing Things Differently: A 25-Year Retrospective of Mathematics Education Research on Learning [pp.  583 - 607]
	Research and Teacher Education: In Search of Common Ground [pp.  608 - 636]
	Research on Affect and Mathematics Learning in the JRME: 1970 to the Present [pp.  637 - 647]
	Gender and the JRME [pp.  648 - 659]
	Musings about Mathematical Problem-Solving Research: 1970-1994 [pp.  660 - 675]
	Technology in Mathematics Education Research: The First 25 Years in the JRME [pp.  676 - 684]
	An International Perspective on Research through the JRME [pp.  685 - 696]
	A Discourse on Methods [pp.  697 - 710]
	Radical Constructivism and Mathematics Education [pp.  711 - 733]

	Part III: Future of Mathematics Education Research
	E Pluribus Unum: Challenges of Diversity in the Future of Mathematics Education Research [pp.  734 - 754]

	List of Editors, Associate Editors, and Editorial Board Members, 1970-1994 [pp.  755 - 756]
	Back Matter



